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The observation that SU(3)/SU(2) ∼= S5 implies the existence of a particularly simple quantized
topological action, or Wess-Zumino-Witten (WZW) term. This action plays an important role in
anomaly cancellation in extensions of the Standard Model electroweak sector. A closed form is
presented for the action coupled to arbitrary gauge fields. The action is shown to be equivalent to
a limit of the WZW term for SU(3) × SU(3)/SU(3). By reduction of SU(3) × U(1)/SU(2) × U(1)
to SU(2) × U(1)/U(1), the construction gives a topological derivation of the WZW term for the
Standard Model Higgs field.
PACS numbers: 12.39.Fe, 11.30.Rd, 12.60.Fr 14.80.Bn 14.80.Mz
I. INTRODUCTION
Many interesting four-dimensional field theories are
defined on field spaces of nontrivial topology. For ex-
ample, the chiral lagrangian for QCD with three mass-
less flavors is described by fields living in SU(3)L ×
SU(3)R/SU(3)V ∼= SU(3). It is well-known that in such
cases care must be taken to include all interaction terms
that are physically acceptable, but for which the proper-
ties of four dimensionality, locality, and invariance under
the global symmetry cannot be made simultaneously ex-
plicit.
The original construction of Wess and Zumino [1]
works “top down” from the known nonabelian anomaly
for SU(n)L × SU(n)R. The anomalous action is ob-
tained by “integrating” the anomaly, subject to a cho-
sen boundary condition. An alternative “bottom up”
derivation was first elucidated by Witten [2]. Starting
from the field U(x) ∈ SU(n), and the global symmetry
SU(n)L × SU(n)R, we can ask, in the spirit of effective
field theory, what is the most general interaction that
can be built from U(x), and that is invariant under this
global symmetry. The topology of SU(n), for n ≥ 3, al-
lows the construction of a novel term in the action, that
turns out to be identical to the result obtained by inte-
gration. When coupled to gauge fields, a gauge variation
reproduces the nonabelian anomaly that was the starting
point in the “top down” approach [34].
In the context of extending the Standard Model elec-
troweak and Higgs sector, it is the bottom-up perspec-
tive that is more appropriate. As emphasized in [5], ob-
servation of anomalous interactions can provide a path-
way to high-scale ultraviolet completion physics. The
SU(3)/SU(2) Wess Zumino Witten (WZW) term is an
important feature in various extended Higgs sectors of
electroweak symmetry breaking [6, 7, 8, 9]. This paper
presents explicit expressions for the fully gauged action
for phenomenological applications.
The SU(3)/SU(2) WZW term is of a particularly sim-
ple form, owing to the observation that SU(3)/SU(2) ∼=
S5, with S5 the five-sphere. The simplicity of this WZW
term affords an opportunity to illustrate several general
features of WZW terms, for example the appearance of
factors of two when the topological index π4(H) 6= 0 for
general G/H , and the significance of the Bardeen coun-
terterm.
The remainder of the paper is organized as follows.
Section II reviews the construction and gauging of the
topological action using the related example of SU(2)×
U(1) → U(1) in two dimensions. Section III gives re-
sults for the SU(3)× U(1)→ SU(2)× U(1) case in four
dimensions. Section IV concludes by mentioning several
applications of the four-dimensional action.
II. SU(2) × U(1)/U(1) IN TWO DIMENSIONS
Many features of the WZW term for SU(3)/SU(2) or
SU(3)× U(1)/SU(2)× U(1) in four dimensions enter in
the analysis of SU(2) × U(1)/U(1) in two dimensions.
Since the algebra is much simpler in the two-dimensional
model, this example is used to introduce notation and to
illustrate several important issues.
A. Topological action and quantization condition
Let us consider the symmetry breaking pattern
SU(2) × U(1) → U(1), corresponding to a VEV for
an isodoublet scalar field. The field space is SU(2) ×
U(1)/U(1) ∼= S3, with S3 the three-sphere. This space
can be described by vectors Φ = (φ1(x)+ iφ2(x), φ3(x)+
iφ4(x))T with
Φ†Φ = (φ1)2 + (φ2)2 + (φ3)2 + (φ4)2 = 1 . (1)
We look for globally SU(2)×U(1)-invariant lagrangian
interactions involving Φ. Examples with two derivatives
include
L ∼ c1∂µΦ
†∂µΦ+ c2Φ
†∂µΦΦ
†∂µΦ . (2)
Another, topological, interaction enters at this order.
The starting point for the topological construction is a
2closed three-form that is invariant under global transfor-
mations involving the full SU(2) × U(1) group. Using
that d(Φ†Φ) = 0, the unique choice, up to normalization,
is [35]
ω =
1
2
Φ†dΦdΦ†dΦ . (3)
The coefficient has been chosen such that ω is the volume
element on the three-sphere. For example, in a finite
neighbourhood around φ1 = φ2 = φ3 = 0,
ω =
1√
1− (φ1)2 − (φ2)2 − (φ3)2
dφ1dφ2dφ3 . (4)
The WZW action is defined by mapping two-dimensional
spacetime, identified with S2, into S3 (i.e., x → Φ(x)),
and then integrating ω over a three-dimensional mani-
fold M3 with spacetime as its boundary, as in Fig. 1.
Consistency requires that different bounding manifolds
give equivalent actions, up to a multiple of 2π, so that
observables derived from eiΓ0 are unambiguous. Since
π3(S
3) = Z, inequivalent mappings are labeled by an in-
teger winding number. Using that the volume of S3 is
2π2, the properly normalized action is
Γ0(Φ) = p× 2π ×
1
2π2
∫
M3
ω =
p
π
∫
M3
ω , (5)
where p is an integer. While the action (5) is not
expressed in a form that is manifestly both two-
dimensional[36] and globally SU(2) × U(1) invariant
its construction ensures that it has both properties[37].
With the quantization condition in place, the action is
manifestly local in the sense that small changes in Φ(x)
result in small changes in the action (modulo 2π).
B. Gauging the topological action
Let us proceed to perform a “brute force” gauging of
the action. Consider the local variation:
Φ→ ei(ǫ+ǫ0)Φ , (6)
where ǫ =
∑3
A=1 ǫ
AσA and ǫ0 generate SU(2) and U(1)
transformations respectively. The corresponding varia-
tion of Γ0 is
δΓ0 =
ip
2π
∫
M3
dǫ0dΦ
†dΦ + Φ†dǫΦdΦ†dΦ− Φ†dΦΦ†dǫdΦ
+ Φ†dΦdΦ†dǫΦ
=
ip
2π
∫
M3
d
[
ǫ0dΦ
†dΦ + Φ†ǫΦdΦ†dΦ+ Φ†dΦΦ†ǫdΦ
+ Φ†dΦdΦ†ǫΦ
]
− 2ǫA
[
dΦ†dΦ(Φ†σAdΦ+ dΦ†σAΦ)
]
. (7)
It is not obvious from this expression that the variation
is four-dimensional. However, using the identity
d(Φ†σAΦ)dΦ†dΦ = 0 , (8)
which holds when Φ†Φ = 1, it follows using Stokes theo-
rem in (7) that
δΓ0 =
ip
2π
∫
M2
ǫ0dΦ
†dΦ + Φ†ǫΦdΦ†dΦ+ Φ†dΦΦ†ǫdΦ
+ Φ†dΦdΦ†ǫΦ . (9)
It is now not obvious that the variation is purely local,
i.e., that it vanishes when dǫ = 0, dǫ0 = 0. However, if
we further make use of the identity,
dΦ†σAdΦ = d(Φ†σAΦ)Φ†dΦ− Φ†σAΦdΦ†dΦ , (10)
then, after an integration by parts, (9) is equivalent to
δΓ0 =
ip
4π
∫
M2
−2dǫ0Φ
†dΦ + Φ†dǫdΦ + dΦ†dǫΦ . (11)
The identities (8) and (10) can be checked explicitly, and
can be understood in terms of spherical geometry, as de-
scribed in Appendix A.
From (11) we see that the local variation can be com-
pensated by adding a term with one gauge field,
Γ1 =
ip
4π
∫
M2
2A0Φ
†dΦ− Φ†AdΦ− dΦ†AΦ , (12)
where A0 and A =
∑3
B=1A
BσB transform as
δA0 = dǫ0 , δA = dǫ+ i[ǫ, A] . (13)
The residual variation is
δ(Γ0 + Γ1) =
p
2π
∫
M2
1
2
Tr(Adǫ)−A0dǫ0 −A0Φ
†dǫΦ
− dǫ0Φ
†AΦ . (14)
Finally, adding a term with two gauge fields,
Γ2 =
p
2π
∫
M2
A0Φ
†AΦ , (15)
removes all Φ dependent terms in the variation of Γ0+Γ1.
The fully gauged action is
ΓWZW = Γ0 + Γ1 + Γ2
= Γ0 +
ip
4π
∫
M2
−Φ†AdΦ− dΦ†AΦ + 2A0Φ
†dΦ
− 2iA0Φ
†AΦ , (16)
with Γ0 as in (5). In fact, the compensating terms (12)
and (15) are not unique. An additional gauge-invariant
operator can appear, whose coefficient is not quantized:
ΓG.I. =
p
π
∫
M2
cΦ†(dA− iA2)Φ . (17)
To gain some intuition on the physical content of this
action, we can consider the coordinates
Φ = exp
[
i
(
0 h1 − ih2
h1 + ih2 2η
)](
0
1
)
. (18)
3The action is then (displaying the first nonvanishing term
from Γ0 in addition to nonzero terms involving gauge
fields through second order in mesons),
ΓWZW =
p
π
∫
M2
−iηdh+dh− + . . .
−Bdη +
i
4
D(h−dh+ − h+dh−)
+
1
4
(1 + iη)C+dh− +
1
4
(1 − iη)C−dh+
−
3i
4
(C+h− − C−h+)dη
−
i
4
(B +D)
[
(1 + iη)C+h− − (1 − iη)C−h+
]
+
1
4
BD
(
1− 2h+h−
)
+ . . . . (19)
Here h± = h1 ∓ ih2, and the gauge bosons are separated
in terms of the light “photon” B, and the heavy D and
C±:
A+A0 ≡
(
B C+
C− D
)
. (20)
The gauge invariant operator (17) is
ΓG.I. = c
∫
M2
ih+(1− iη)[dC− − iC−(B −D)]
− ih−(1 + iη)[dC+ + iC+(B −D)]
− (1 − 2h−h+)
[
1
2
(dB − dD)− iC+C−
]
.
(21)
C. Anomaly
The action (16) has the anomalous gauge variation,
δΓWZW =
p
4π
∫
M2
Tr(ǫdA)− 2ǫ0dA0 . (22)
This can be viewed as the anomaly for a doublet of left-
handed fermions and a single right-handed fermion trans-
forming under SU(2)× U(1) as[38]
ΨL → e
i(ǫ∓ǫ0)ΨL , qR → e
∓2iǫ0qR . (23)
D. Equivalence to SU(2)L × SU(2)R/SU(2)V
We will discuss later an equivalence between the
SU(3)/SU(2) WZW term and a limit of the SU(3)L ×
SU(3)R/SU(3)V WZW term. In the present example,
since SU(2)L × SU(2)R/SU(2)V ∼= SU(2) ∼= S
3, a simi-
lar but simpler equivalence holds.
Let us for the moment ignore the U(1) factor in
SU(2)×U(1). The two-dimensional action for SU(2)L×
SU(2)R/SU(2)V is the gauged version of [39]
Γ0 = −
p
12π
∫
M3
Tr(β3) , (24)
where we write[40]
α = dU U † , β = U †dU . (25)
Performing a local gauge variation of the action (24),
and compensating with gauge fields, the gauged action
becomes
ΓWZW = Γ0+
p
4π
∫
M2
Tr
[
−iALα− iARβ +ALUARU
†
]
.
(26)
The anomalous gauge variation of the action is
δΓWZW =
p
4π
∫
M2
Tr (ǫLdAL − ǫRdAR) . (27)
We can implement the diffeomorphism between SU(2)
and S3 by
Φ(x) = U(x)
(
0
1
)
. (28)
Let us also identify,
AL = A , AR = 0 . (29)
The actions (16), taken at A0 = 0, and (26), are now
easily shown to be identical. First note that the vari-
ations (22) and (27) coincide, so that the actions dif-
fer only by gauge invariant operators. The equivalence
is established using the SU(2) identities, for arbitrary
SU(2)-valued one-forms α, β, and for an arbitrary one-
dimensional projector P 2 = P :
Tr(PαPα2) =
1
6
Tr(α3) ,
Tr[P (αβ − βα)] = Tr(αβ) . (30)
In particular, with
P =
(
0 0
0 1
)
, (31)
and with Φ and U as in (28), it follows that
−p
12π
Tr(α3) =
p
2π
Φ†dΦdΦ†dΦ ,
−ip
4π
Tr(Aα) =
−ip
4π
(Φ†AdΦ + dΦ†AΦ) , (32)
establishing the equivalence between the actions (16) and
(26), with c = 0 in (17). The equivalence can be extended
to include the U(1) factor by writing
AL = A−A0 , AR = −2A0P , (33)
with P as in (31).
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FIG. 1: The action corresponds to the area bounded by
the image of spacetime. Two different bounding surfaces are
pictured.
E. Counterterms and anomaly integration
The gauged WZW term for SU(2)×U(1)/U(1) in two
dimensions affords a simple context to see the equivalence
between “top down” anomaly integration and the preced-
ing “bottom up” approach. Here we find the necessary
counterterm for the integration to be possible.
Let us choose the orientation of Φ which breaks the
global SU(2)× U(1) symmetry as
〈Φ〉 =
(
0
1
)
. (34)
The components of the SU(2) × U(1) gauge bosons are
defined as in (20), and for the corresponding gauge trans-
formations in (6) we write:
ǫ+ ǫ0 ≡
(
ǫB ǫC+
ǫC− ǫD
)
. (35)
The anomaly expression (22) then becomes
δΓWZW =
p
4π
∫
M2
dǫBD + dǫDB − dǫC+C
− − dǫC−C
+ .
(36)
We notice that δΓWZW vanishes when both the gauge
variation and the background gauge fields are restricted
to the unbroken U(1) subgroup—i.e., ǫC± = ǫD = 0 and
C± = D = 0. However, in the presence of arbitrary
C± and D fields, the action still has an anomalous gauge
variation even when ǫC± = ǫD = 0. We can find a coun-
terterm that preserves gauge invariance in the unbroken
fields for arbitrary background fields, and converts the
anomaly to the “covariant” form. This is the analog of
the Bardeen counterterm [14, 15], which for the present
case is
Γc(A,A0) = −ΓWZW (A,A0,Φ = 〈Φ〉) , (37)
where 〈Φ〉 is the orientation of Φ which breaks the global
symmetry. Taking 〈Φ〉 as in (34), and using (16), the
counterterm is [41]
Γc = −
p
4π
∫
M2
BD . (38)
With the addition of the counterterm, the gauge variation
becomes
δ(ΓWZW + Γc) =
p
4π
∫
M2
−2ǫDdB + ǫC+dC
− + ǫC−dC
+
− i
(
ǫC+C
− − ǫC−C
+
)
(B +D) ,
(39)
and we see that the resulting action is gauge invariant un-
der the unbroken subgroup, in the presence of arbitrary
background gauge fields[42].
For a general orientation of 〈Φ〉, the variation of the
complete action with counterterm is
δ(ΓWZW + Γc) =
p
4π
∫
M2
Tr
[
ǫ (dA− 2PdA0 + 2i[A,P ]A0)
+ ǫ0 (−dA0 + 2dAP )
]
≡
∫
M2
ǫaAa[A] , (40)
where in the last line A denotes the (covariant) anomaly,
and the sum runs over broken generators.
We remark in passing that since the action is well-
defined, by its topological construction, the gauge vari-
ation (22) is guaranteed to be a “consistent” anomaly.
That is,
∆a(x)Ab[A(y)]−∆b(y)Aa[A(x)] = fabcAc[A(x)]δ(x−y) ,
(41)
where fabc are the structure constants of SU(2)× U(1),
and ∆a are generators of gauge transformations on the
gauge fields:
∆a = −∂µ
δ
δAaµ
− fabcAbµ
δ
δAcµ
. (42)
Adding the Bardeen counterterm does not change the
consistency of the anomaly, since it is again a well-defined
object (the reduction of the topological action to a con-
stant value for the meson field). Eq.(41) can be verified
to hold using the explicit form of the anomaly in (40).
5Given a consistent anomaly that vanishes on the un-
broken subgroup (U(1) in this case), it is possible to “in-
tegrate” the anomaly to obtain an effective action with
the stated anomalous gauge variation. The solution is [1]:
ΓWZW + Γc =
∫
M2
∫ 1
0
dt πaAa[At] . (43)
Under a gauge transformation ei(ǫ+ǫ0) ∈ SU(2) × U(1),
the generalized pions transform as a nonlinear realiza-
tion [19]
eiπ → ei(ǫ+ǫ0)eiπe−iǫ
′(ǫ+ǫ0,π) . (44)
The quantity At in (43) is a gauge-transformed field de-
pending on pions:
At = e−itπ(A+ id)eitπ . (45)
Here ǫ′ is an element of the unbroken group chosen such
that eiπ is generated by the broken subgroup. This de-
fines a unique local transformation π → π′. It is readily
verified using (44) and (45) that (43) is a solution to (40).
With the coordinates for the pions as in (18), i.e. Φ =
eiπ(0, 1)T , and the gauge fields as in (20), we have
At =
(
B C+
C− D
)
+ it
(
h−C+ − h+C− (B −D)h+ + 2ηC+ + idh+
(D −B)h− − 2ηC− + idh− h+C− − h−C+ + 2idη
)
+ . . . . (46)
Substituting these explicit expression into (43) yields the
result in (19), minus the term with zero pions that has
been subtracted by the counterterm. In order to avoid
discontinuous jumps in the action under small fluctua-
tions in the pion fields, the action should be quantized as
in (5).
III. SU(3) × U(1)/SU(2) × U(1) IN FOUR
DIMENSIONS
Although algebraically more complicated, the case of
SU(3) × U(1)/SU(2) × U(1) in four dimensions pro-
ceeds in complete analogy to the above case of SU(2)×
U(1)/U(1) in two dimensions.
A. Topological action and quantization condition
The field space is described by the three-component
complex scalar field,
Φ(x) =

 φ1(x) + iφ2(x)φ3(x) + iφ4(x)
φ5(x) + iφ6(x)

 , (47)
satisfying
Φ†Φ =
6∑
i=1
(φi)2 = 1 . (48)
The starting point for the topological construction is a
closed five-form that is invariant under global SU(3) ×
U(1) transformations. The unique choice is
ω = −
i
8
Φ†dΦdΦ†dΦdΦ†dΦ , (49)
where the normalization is chosen such that ω is the vol-
ume element on the five-sphere. Noting that π4(S
5) = 0
and π5(S
5) = Z, and using that the volume of the five
sphere is π3, the WZW action is well-defined up to mul-
tiples of 2π if we take
Γ0(Φ) =
2p
π2
∫
M5
ω , (50)
where M5 is a five-dimensional manifold with spacetime
M4 as its boundary, and p is an arbitrary integer[43].
B. Gauging the topological action
We consider again the local variation
Φ→ ei(ǫ+ǫ0)Φ , (51)
where ǫ =
∑8
A=1 ǫ
AλA and ǫ0 generate SU(3) and U(1)
transformations respectively. The corresponding varia-
tion of Γ0 is
δΓ0 =
p
4π2
∫
M5
d
[
ǫ0(dΦ
†dΦ)2 +Φ†ǫΦ(dΦ†dΦ)2 − 2(Φ†ǫdΦ + dΦ†ǫΦ)Φ†dΦdΦ†dΦ
]
− 3ǫAd(Φ†λAΦ)(dΦ†dΦ)2 . (52)
6To see that the result is four-dimensional, we notice that
d(Φ†λAΦ)(dΦ†dΦ)2 = 0 , (53)
for fields confined to the five-sphere. The gauge variation
then becomes
δΓ0 =
p
4π2
∫
M4
ǫ0(dΦ
†dΦ)2 + ǫA
[
Φ†λAΦ(dΦ†dΦ)2
+ 2Φ†dΦd(Φ†λAΦ)dΦ†dΦ
]
. (54)
By construction, the gauge variation must vanish for con-
stant ǫ0 and ǫ. To see this explicitly, we notice that for
Φ†Φ = 1 we have the SU(3) identities
Φ†λAΦ(dΦ†dΦ)2 + 2Φ†dΦd(Φ†λAΦ)dΦ†dΦ =
− 2dΦ†λAdΦdΦ†dΦ , (55)
so that finally
δΓ0 =
p
4π2
∫
M4
(
Φ†dǫdΦ + dΦ†dǫΦ− dǫ0Φ
†dΦ
)
dΦ†dΦ .
(56)
This variation can be cancelled by a term with one gauge
field, and so on. Details of the derivation in this case are
presented in Appendix A. The complete result reads
ΓWZW (Φ, A,A0) = Γ0(Φ) +
p
4π2
∫
M4
4∑
i=1
Li + LG.I. ,
(57)
where terms with 1,2,3,4 gauge fields are:
L1 = A0Φ
†dΦdΦ†dΦ−
(
Φ†AdΦ + dΦ†AΦ
)
dΦ†dΦ ,
L2 = iA0dA0Φ
†dΦ− idA0Φ
†AΦΦ†dΦ− 2iA0Φ
†AΦdΦ†dΦ+
i
2
[
(dΦ†AΦ)2 − (Φ†AdΦ)2
]
+
i
4
[
Φ†(AdA + dAA)dΦ + dΦ†(AdA + dAA)Φ
]
−
i
2
Φ†(AdA+ dAA)ΦΦ†dΦ−
i
2
Tr(AdA)Φ†dΦ
+
i
4
[
Φ†dAΦ(dΦ†AΦ + Φ†AdΦ) + Φ†AΦ(Φ†dAdΦ− dΦ†dAΦ)
]
,
L3 = A0dA0Φ
†AΦ +A0
[
−Φ†AΦd(Φ†AΦ) +
1
3
Tr(AdA)
]
−
1
6
Φ†A2Φ(Φ†AdΦ + dΦ†AΦ)
+
1
6
Φ†AΦ(Φ†A2dΦ− dΦ†A2Φ) +
1
6
Φ†(dAA2 −A2dA)Φ +
1
3
(Φ†A3dΦ + dΦ†A3Φ)−
2
3
Φ†A3ΦΦ†dΦ
−
1
3
Tr(A3)Φ†dΦ−
1
2
Φ†(AdA + dAA)ΦΦ†AΦ−
1
3
Tr(AdA)Φ†AΦ ,
L4 = −
i
4
A0Tr(A
3)−
3i
4
Φ†AΦΦ†A3Φ−
i
4
Φ†AΦTr(A3) . (58)
There are additional four-form operators that are sep-
arately gauge-invariant:
LG.I. = c1
[
Φ†(dA− iA2)Φ
]2
+ c2 iΦ
†(dA− iA2)ΦDΦ†DΦ
+ c3 Φ
†(dA− iA2)2Φ
+ c4 Φ
†DΦ
[
Φ†(dA− iA2)DΦ− (DΦ†)(dA − iA2)Φ
]
,
+ c5 dA0Φ
†(dA− iA2)Φ , (59)
where the covariant derivative acts as
DΦ = dΦ− i(A+A0)Φ . (60)
C. Anomaly
The gauge variation of the action (57) is independent
of Φ,
7δΓ = −
p
12π2
∫
M4
Tr
{
ǫ
[
(dA)2 −
i
2
d(A3)
]
−
1
2
ǫ0
[
(dA)2 −
i
2
d(A3)
]
−
1
2
ǫ
[
2dAdA0 −
i
2
d(A0A
2)
]}
+ 3ǫ0(dA0)
2
= −
2p
24π2
∫
M4
Tr
{(
ǫ−
1
2
ǫ01 3
)[(
dA−
1
2
dA01 3
)2
−
i
2
d
[(
A−
1
2
A01 3
)3]]}
−
(
−
3
2
ǫ0
)(
−
3
2
dA0
)2
.
(61)
Note that this is the anomaly for a triplet of left-handed
fermions ΨL = (ψ
1
L, ψ
2
L, ψ
3
L)
T , and a single right-handed
fermion, ψR, each with 2p internal coordinates (“colors”),
transforming under SU(3)× U(1) as
ΨL → e
i(ǫ− 12 ǫ0)ΨL , ψR → e
− 3i
2
ǫ0 . (62)
D. Equivalence to SU(3) × SU(3)/SU(3)
In a manner similar to the two-dimensional example,
we can find an equivalence of the SU(3)/SU(2) WZW
term to a limit of the SU(3)×SU(3)/SU(3) WZW term.
Recall that the latter in its ungauged form may be writ-
ten
ΓSU(3)×SU(3)/SU(3) = −
iN
240π2
∫
M5
Tr(β5) , (63)
with β as in (25).
We start from the nonlinear realization of SU(3) on
SU(3)/SU(2):
ξ → eiǫξe−iǫ
′(ǫ,ξ) , (64)
where ξ is an SU(3) matrix given by the exponential of
broken generators. The equivalence is stated as
ΓSU(3)/SU(2)(p,Φ, A) =
ΓSU(3)×SU(3)/SU(3)(2p, U˜ , A˜L, A˜R) . (65)
The dictionary is
U˜ = ξ ,
A˜L = A ,
A˜R =
3∑
A=1
λA
2
Tr(λA[ξ
†(A+ id)ξ]) , (66)
where SU(3)/SU(2) ∼= S5 is implemented by
Φ = ξ

 00
1

 . (67)
Note that A˜R is the projection of ξ
†(A + id)ξ onto the
unbroken SU(2) subgroup.
Equation (61) shows that the actions (65) have the
same gauge variation, i.e., the actions are equivalent up
to gauge invariant operators. The exact equivalence can
again be demonstrated explicitly. For example, introduc-
ing
β = ξ†dξ , (68)
the equivalence for terms without gauge fields follows
from the form identity
−2i
240π2
Tr
[
β5
+ 5d
(
−βˆβ3 +
1
2
(βˆβ)2 + (dβˆβˆ + βˆdβˆ)β + βˆ3β
)]
=
−i
4π2
Φ†dΦ(dΦ†dΦ)2 , (69)
using (50) and the gauged version of (63). Here βˆ is the
projection of β onto the unbroken SU(2) subgroup, as in
(66).
The coefficients of gauge invariant operators can be
fixed by examining the equivalence at U = ξ = 1 3. This
yields
c1 = c2 = c3 = 0 , c4 =
7
12
. (70)
The equivalence can be extended to SU(3) ×
U(1)/SU(2)× U(1) by setting
AL = A˜L −
1
2
A0 , AR = A˜R −
3
2
A0

 0 0
1

 , (71)
and
c5 = 0 . (72)
A physical basis for the equivalence is the “eating and
decoupling” scenario discussed in [5]. Here ξ is extended
to a full unitary matrix U ∈ SU(3)L ×SU(3)R/SU(3)V ,
with SU(3) made to act on the left. If we couple SU(2)
gauge fields to the unbroken right-handed symmetries,
then the extraneous NGB’s are eaten by these fields. In a
strong coupling limit, the extra gauge fields become non-
dynamical, enforcing the locking condition (66). Since
SU(2) does not have a continuous anomaly, the gauging
is anomaly free provided that the coefficient, N , of the
WZW term is even.
8E. (No) Skyrmion
In the previous section, it was shown that the WZW
term for SU(3)/SU(2) is equivalent to a certain limit
of SU(3) × SU(3)/SU(3), but with an even number of
colors. We thus expect that the Skyrmion solution in
the latter case is absent. This is verified by noticing
that π3(S
5) = 0. This can also be seen from the fact
that no analog of a conserved Goldstone-Wilczek baryon
current [20] can be constructed from Φ, since
(Φ†dΦ)3 = 0 , (73)
and
d[Φ†dΦdΦ†dΦ] = (dΦ†dΦ)2 6= 0 . (74)
IV. SUMMARY
Much of the complexity of WZW terms stems from the
difficulty in identifying a five-sphere inside a nontrivial
field space such as SU(3). In the case of SU(3)/SU(2),
the field space is the five-sphere, giving rise to a particu-
larly simple WZW term. The present paper gives explicit
results for the fully gauged action.
The action (57) plays a role in phenomenological mod-
els of extended Higgs sectors of electroweak symmetry
breaking. For example, the SU(3)/SU(2) Little Higgs
model [8] with generation-independent gauging requires
a WZW term for anomaly cancellation. A variant with
distinct third-generation quantum numbers [21] also al-
lows a WZW term, and the quantization of the action
(50) restricts possible strongly-coupled UV completions
to those with even numbers of “colors”. The WZW
term in general gives rise to interactions violating a dis-
crete “T parity” [22, 23]. Related applications have
been discussed in [5, 24, 25, 26, 27, 28, 29]. The same
WZW term would appear in extensions that incorporate
a custodial symmetry by embedding SU(3) into larger
spaces, e.g. SU(4)/Sp(4) or SO(6)/SO(5) in place of
SU(3)/SU(2) [30, 31].
Another application is to the description of “decou-
pled” fermions in the Standard Model, and the associated
WZW term built from the Higgs field [32]. Naively, since
the NGB’s of the Higgs field live on SU(2)×U(1)/U(1) ∼=
S3, and π5(S
3) = 0, there is no associated topological in-
teraction. This is reminiscent of the fact that a topolog-
ical derivation of the U(2)L ×U(2)R/U(2)V WZW term
requires embedding inside a larger U(n) space, n ≥ 3. A
similar reduction of SU(3)×U(1)/SU(2)×U(1) gives a
topological derivation of the WZW term for the Standard
Model Higgs. In particular, taking
Φ =
(
0
H
)
, A =
(
0
W
)
, A0 =
1
2
B , (75)
withW =WAσA/2 andH an isodoublet Higgs field, (57)
yields the anomalous interaction that would describe,
e.g., the result of integrating out a generation of heavy
leptons, or heavy quarks, after spontaneous symmetry
breaking. Consider fermion doublets ΨL and ΨR cou-
pled to SU(2)L × U(1)Y gauge fields
AL =W + yB , AR =
(
y +
σ3
2
)
B . (76)
The anomalous variation of the gauged fermion action
is[44]
δΓ = −
y
24π2
∫
M4
Tr
{
ǫW
[
2dWdB −
i
2
d(BW 2)
]
+ ǫB
[
(dW )2 −
i
2
d(W 3)
]}
−
3
2
ǫB(dB)
2 . (77)
Using (75) in (61) shows that the anomaly of the reduced
WZW term matches that of the fermions provided
p = −2y . (78)
In particular, integer values of p are sufficient to describe
a single generation of quarks or leptons. The custodial
symmetry limit considered in [32] is recovered for partic-
ular values of the coefficients in (59). These can be fixed
by considering e.g. the action at H = (0, 1)T , and are
c1 −
1
2
c2 = c3 = c5 = 0 , c4 =
1
2
. (79)
The operator corresponding to the remaining linear com-
bination vanishes in this case due to relations such as
(8),(10).
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APPENDIX A: DIFFERENTIAL GEOMETRY
IDENTITIES
The brute force gauging of the SU(3)/SU(2) WZW
term involves the use of several nontrivial identities, such
as (55), relating combinations of the Gell-Mann matri-
ces and complex triplets with Φ†Φ = 1. Similar identi-
ties, (8) and (10), occur in the two-dimensional example.
While not essential at the practical level, it is helpful to
use the language of differential geometry in order to see
the origin of these manipulations. For more details, see
Ref. [33], whose notations are largely adopted here.
1. SU(2) × U(1) in two dimensions
To introduce notation, consider SU(2)×U(1)/U(1) in
two dimensions. As discussed above (1), we may identify
9Φ = (φ1(x) + iφ2(x), φ3(x) + iφ4(x))T and work in the
metric gij defining the sphere (φ
1)2 + (φ2)2 + (φ3)2 +
(φ4)2 = 1. For example, a local set of real coordinates
around φ1 = φ2 = φ3 = 0 is ~φ = (φ1, φ2, φ3)T , and the
metric in these coordinates becomes
gij = δij + φ
iφj/(1− ~φ2) . (A1)
The variation (6) may be written
δφi = ǫaξ
i
a(φ) , (A2)
where ξa are Killing vectors, ∇{iξaj} = 0, satisfying
[ξa , ξb] = fabcξc , (A3)
with fabc the structure constants on SU(2) × U(1). In
the above coordinates we may take
ξi1 =

 −
√
1− ~φ2
φ3
−φ2

 , ξi2 =


φ3√
1− ~φ2
−φ1

 ,
ξi3 =


−φ2
φ1√
1− ~φ2

 , ξi0 =


−φ2
φ1
−
√
1− ~φ2

 . (A4)
In the following, a = 0 . . . 3 and A = 1 . . . 3.
Consider the topological action as in (5),
Γ0 = C
∫
M3
ω , (A5)
where ω is a closed three-form, dω = 0 and C is constant.
The variation (6) is
δω = (dǫa)iaω + ǫa£aω
= d(ǫaiaω) + ǫa(−diaω +£aω) . (A6)
Here £a is the Lie derivative, and ia is the inner deriva-
tive, acting on p forms as
ω =
1
p
ωi1...ipdφ
i1 . . . dφip →
iaω =
1
(p− 1)
ξjaωji1...ip−1dφ
i1 . . . dφip−1 . (A7)
Using the relation
£aω = iadω + diaω , (A8)
and that £aω = 0 (ω is globally invariant), dω = 0 (ω
is closed), it follows that the term proportional to ǫa
vanishes; this is the origin of the identity (8). Now the
variation of the action becomes
δΓ0 = C
∫
M2
ǫaiaω . (A9)
Using (A8) again shows that iaω is closed, and hence
locally exact; global invariance (ǫa = const. in (A9) ) can
be used to show that it is in fact globally exact,
iaω = dva , (A10)
for some one-forms va = vaidφ
i. This is the origin of the
identity (10). The gauge variation is now
δΓ0 = −C
∫
M2
dǫa va . (A11)
Introducing gauge fields with
δAa = ∂ǫa − fabcǫbAc , (A12)
the variation can be compensated with a term,
Γ1 = C
∫
M2
Aava . (A13)
The residual variation is
δ(Γ0 + Γ1) = C
∫
M2
−dǫaAbiavb , (A14)
where we have used that va are globally invariant:
£avb − fabcvc = 0 . (A15)
This variation is compensated by a term with two gauge
fields,
Γ2 = C
∫
M2
1
2
i[avb]AaAb , (A16)
and
δ(Γ0 + Γ1 + Γ2) = C
∫
M2
−i{avb}dǫaAb . (A17)
Finally, noticing that
iaibω = £avb − diavb , (A18)
and symmetrizing on a and b shows that di{avb} = 0, i.e.,
that the variation (A17) is independent of φ,
δ(Γ0 + Γ1 + Γ2) = C
∫
M2
−i{avb}dǫaAb . (A19)
The results of Section II are recovered using the explicit
expressions
vA = −
i
4
(
Φ†σAdΦ− dΦ
†σAΦ
)
+ cd[Φ†σAΦ] ,
v0 =
i
2
Φ†dΦ . (A20)
The arbitrary constant c appears due to the non-
uniqueness of the solution vA in (A10), and corresponds
to the coefficient appearing in (17).
2. SU(3)× U(1)/SU(2) × U(1) in four dimensions
An analogous derivation in four dimensions gives [33]
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ΓWZW = C
∫
M5
ω + C
∫
M4
[
Aava +
1
2
AaAbiavb
−
1
6
AaAbAciaibvc −
1
24
AaAbAcAdiaibicvd
− vabAa
(
dAb +
1
3
fbcdAcAd
)
+
2
3
iavbcAaAb
(
dAc +
3
8
fcdeAdAe
)]
. (A21)
For the present case, the three-forms va satisfying (A10)
are
v0 =
1
8
Φ†dΦdΦ†dΦ ,
vA = −
1
8
(
Φ†λAdΦ− dΦ
†λAΦ
)
dΦ†dΦ
+
i
8
c2d(Φ
†λAΦ)dΦ
†dΦ
+
1
8
c4
[
dΦ†dΦ(Φ†λAdΦ− dΦ
†λAdΦ)
− 2Φ†dΦdΦ†λAdΦ
]
. (A22)
The one-forms vab satisfy i{avb} = dvab. Explicitly, these
are:
v00 =
i
8
Φ†dΦ ,
v0A = −
i
16
Φ†λAΦΦ
†dΦ
−
i
8
c4
[
1
2
(
Φ†λAdΦ− dΦ
†λAΦ
)
− Φ†λAΦΦ
†dΦ
]
+
1
16
c5d(Φ
†λAΦ) ,
vAB =
i
8
[
1
2
Φ†λ{AΦΦ
†λB}dΦ−
1
2
Φ†λ{AΦdΦ
†λB}Φ
+
1
2
Φ†λ{AλB}dΦ−
1
2
dΦ†λ{AλB}Φ
− Φ†λ{AλB}ΦΦ
†dΦ− δABΦ
†dΦ
]
+
1
8
c3d(Φ
†λ{AλB}Φ)
+
1
8
(
c1 −
1
2
c2
)
d(Φ†λAΦΦ
†λBΦ)
+
i
8
c4
[
− Φ†λ{AΦΦ
†λB}dΦ+ Φ
†λ{AΦdΦ
†λB}Φ
+ 2Φ†dΦΦ†λ{AλB}Φ
]
. (A23)
The forms va and vab have been chosen such that they
are hermitian, and so that the constants c1 , . . . , c5 are
the same as those appearing in (59).
The inner derivative (A7) is computed by replacing
dΦ → iλaΦ, dΦ
† → −iΦ†λa, taking proper account of
anticommuting forms, e.g.,
i0v0 =
i
8
dΦ†dΦ ,
iAv0 =
i
8
[
Φ†λAΦdΦ
†dΦ + Φ†dΦΦ†λAdΦ
+ Φ†dΦdΦ†λAΦ
]
, etc. (A24)
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ω = d[f(|~φ|)ǫijkφidφjdφk], where ~φ = (φ1, φ2, φ3)T .
[37] First, given Φ(x) defined on two-dimensional spacetime,
we can construct Γ0. Second, SU(2)×U(1) acts as a sub-
group of rotations, and the area of a sphere is rotationally
invariant.
[38] Another possibility in place of (23) is: ψL → e
iǫψL and
qR → e
i
√
2ǫ0qR. The transformations (23) may be easier
to match onto an underlying theory involving strong dy-
namics. Some peculiarities of two-dimensional fermions,
such as the duality between vector and axial-vector cur-
rents, are discussed e.g. in [11]. These peculiarities do
not concern us here, since our focus is on the four dimen-
sional analog, and mathematical equivalences of chiral
lagrangians that are independent of underlying fermion
interpretations.
[39] The proper normalization is 2π times the normalized
form that integrates to an integer when taken over
any closed (2n − 1)-dimensional manifold: (i/2π)n(n −
1)!/(2n − 1)!Tr(β2n−1). See [12].
[40] The notation largely follows [13], which gives a lucid
discussion of the brute force gauging for the SU(n)L ×
SU(n)R/SU(n)V case. It is useful to note that Tr(α
3) =
Tr(β3), dα = α2, dβ = −β2.
[41] The gauge-invariant part of the action could also be in-
cluded in the definition of the counterterm, so that the
complete action (minus terms involving only gauge fields)
is generated.
[42] The Bardeen counterterm, or equivalently, the Wess-
Zumino boundary condition, is not the appropriate choice
for general, non-vectorlike, gauging, e.g. the electroweak
gauging of the QCD chiral lagrangian [16, 17]. The ap-
pearance of the Bardeen counterterm from a compactified
extra dimension gauge theory model is discussed in [18].
[43] An explicit four-dimensional expression for Γ0 can be ob-
tained in hemispherical coordinates [10].
[44] Consider the left-right symmetric (“consistent”) form of
the anomaly, before addition of counterterms.
